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We apply the ideas of Alvarez and Labastida to the invariant of spin networks defined by Witten
and Martin based on Chern–Simons theory. We show that it is possible to define ambient invariants
of spin networks that (for the case of SU(2)) can be considered as extensions to spin networks of
the Jones polynomial. Expansions of the coefficients of the polynomial yield primitive Vassiliev
invariants. The resulting invariants are candidates for solutions of the Wheeler–DeWitt equations
in the spin network representation of quantum gravity.
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Witten [1] showed that the expectation value of a Wilson loop in an SU(2) Chern–Simons theory,
< W (γ) >=
∫
DAW (γ,A) exp
(
ik
4pi
∫
d3xTr(A ∧ ∂A+ 2
3
A ∧ A ∧A)
)
(1)
is a knot invariant closely related with the Jones polynomial. More precisely, it is given by the Kauffman bracket [2]
knot polynomial. The latter differs from the Jones polynomial by an overall “phase factor” given by the exponential
of the writhe of the knot. This factor accounts for the fact that the Kauffman bracket is a regular isotopy invariant
(it is not invariant when one removes twists, i.e., it is an invariant of framed knots) whereas the Jones polynomial
is an ambient isotopic invariant. The explicit relation between the Kauffman bracket and the expectation value we
introduced above is given by K(γ, q) =< W (γ) > with q = exp(2pii/k), where q is the variable of the polynomial and
k is the coupling constant of the Chern–Simons theory1.
The expression of the invariants one obtains from the path integral appear as power series expansions in terms of the
parameter 2pii/k. It is tantamount to evaluating the polynomials for q = exp(2pii/k) and expanding the exponential
in power series. If one does this for the Jones polynomial, the resulting coefficients are Vassiliev invariants [5–7].
In a separate context, it was also noticed that the resulting Vassiliev invariants are candidates for wavefunctions in
the loop representation of quantum gravity [8–11]. In this context, however, one is not interested in arbitrary knot
invariants, but actually in those that arise as counterparts of states in the “connection representation”,
ψ(γ) =
∫
DAW (γ,A)ψ(A). (2)
This poses a series of restrictions on the possible knot invariants ψ(γ) that one could consider as wavefunctions
of a quantum theory in the loop representation. These restrictions are known as “Mandelstam identities”. If one
concentrates of wavefunctions depending on a single loop, they are linear, loop dependent, relations
∑
i ciψ(γi) = 0.
They arise from the fact that the Wilson loopW (γ,A) is a trace of a group element [12]. Of all the Vassiliev invariants
that one constructs using the techniques described above, we only know for a fact that two of them are compatible with
these relations. This makes it particularly difficult to construct candidates for quantum states of the gravitational
field in terms of these invariants. Implicit in this discussion is the fact that in quantum gravity one is interested
in loops with generic intersections, otherwise the spectra of various quantum operators is not appropriately realized
[13]. Most of the discussions of knot invariants stemming from Chern–Simons theories have concentrated on smooth
non-intersecting loops or multiloops.
Given the limitations imposed by the Mandelstam identities and their complicated nature, it has proven very
fruitful to consider holonomies in all possible representations of the group. In a sense this is tantamount to dealing
with “all possible loops, multiloops and intersections” in a unified framework [14]. This leads to the construction
of generalized gauge invariant quantities dependent on trivalent (or higher) graphs [15,14,16]. These invariants can
∗Associate member of ICTP.
1There has been some controversy [3] concerning the relationship of q and k. Nonperturbative effects seem to fix the value to
be q = exp(2pii/k + 2) [1,4]. The constructions we will present go through for either relationship.
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be thought of as “Wilson nets” (generalizations of the Wilson loops dependent on a spin network), and one can
therefore consider computing their expectation value in a Chern–Simons theory. This was first attempted by Witten
[15] and further developed by Martin [17]. These invariants are related to families of invariants constructed using
braid group techniques by Kauffman and Lins [18]. In a recent paper we have considered related invariants as possible
candidates for states of the quantum gravitational field [16]. Unfortunately, a significant limitation of these invariants
is that they are regular isotopic invariants, that is, they are framing-dependent. Therefore they cannot be genuinely
considered quantum states of the gravitational field, since the latter are supposed to be diffeomorphism invariant,
that is, unchanged by any smooth deformation of the loops (including twists).
The purpose of this note is to address the latter issue. We will make use of a series of observations by Alvarez and
Labastida [19] that will allow us to construct an ambient isotopic invariant from the expectation value of a Wilson-net.
The resulting invariant will be related to the Jones polynomial and will allow us to introduce Vassiliev invariants in
the context of spin nets. These invariants are therefore candidates for wavefunctions of the quantum gravitational
field.
Returning to the single-loop (ie, not spin-net) context, it was noted by Alvarez and Labastida [19], that one could
re-express the expectation value of the Wilson loop as,
< W (γ) >= K0(γ) exp

 ∞∑
i=1
di∑
j=1
αij(γ)rij
[
2pii
k
]i , (3)
where rij are group-dependent constants (the construction goes through for any group) and αij(γ) are the “primitive”
Vassiliev invariants2. These are the minimal set of invariants for a given order that are needed to generate all invariants
of higher orders via products. What has been accomplished here is a re-summation of the power series that arises
in computing the expectation value, into an exponential involving a linear combination of the primitive Vassiliev
invariants. This resummation can be straightforwardly understood in terms of Feynman diagrammatics, through the
usual procedure to generate connected diagrams by writing the generating function as an exponential [20].
Based on this resummation, it is immediate to define an ambient isotopic invariant for multiloops P (γ, k), simply
by removing the framing-dependent factor explicitly, i.e.,
< W (γ) > = exp
(
α11r11
[
2pii
k
])
K0(γ)P (γ, k) (4)
P (γ, k) = exp
(
∞∑
i=2
vi(γ)
[
2pii
k
]i)
, (5)
vi =
di∑
j=1
αij(γ)rij . (6)
This expression very clearly embodies the different properties of transformation of the invariant. The exponential
prefactor is responsible for the framing dependence (non-invariance under twists). The K0(γ) factor takes care of the
fact that the invariant changes by a power of (−1) when one “flips over” an entire knot through a diffeomorphism,
since the orientation of all trivalent intersections is reversed (see below).
What we will do in this paper is to follow a similar procedure in the context of spin networks for the SU(2) group.
What allows us to do this is that the formulae (4) have been shown to hold for multi-loops [19]. We will assume they
hold in the case of intersecting loops, and therefore for spin-nets. This will allow us to define an ambient isotopic
invariant associated with Chern–Simons theory. In order to do this, we start by recalling the invariant constructed
by Witten and Martin [15,17]. It is defined by the following skein relations,
∆j = E

 j , k

 = qj+ 12 − q−j− 12
q
1
2 − q− 12
(7)
2With the addition of α11, which is the framing-dependent factor, which would be the only contribution to the expectation
value if one considered an Abelian theory.
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Θ(j1, j2, j) = E


j j j1 2 , k


=
√
∆1∆2∆3 (8)
E


j
1
j
2
j
3
, k

 = (−1)j1+j2+j3 exp (ipi(h1 + h2 − h3))E


j
1
j
2
j
3
, k

 , hi ≡
ji(ji + 1)
k
(9)
E

 j , k

 = exp (−2piihj)E

 j , k

 = exp (2piihj)E

 j , k

 (10)
E


j
j ’
, k

 =
δj j′
∆j
E


j
, k

E

 j , k

 (11)
E


j
1
j
2
j
3
, k

 =
1√
∆1∆2∆3
E


j
1
j
2
j
3
, k

E


j
1
j
2
j
3
, k

 (12)
E

 j1 j2 , k

 =
i=|j1+j2|∑
i=|j1−j2|
√
∆i
∆1∆2
E


j
1
j
2
j
2
j
1
ji , k

 (13)
E

 j
1 j
2
, k

 =
i=|j1+j2|∑
i=|j1−j2|
√
∆i
∆1∆2
(−1)j1+j2+j3 exp (ipi(h1 + h2 + h3))E


j
1
j
2
j
2
j
1
ji , k

 (14)
E


j1 j4
j3j2
l
, k

 =
|j1+j4|∑
j=|j1−j4|
{
j2 j1 j
j4 j3 l
}
q
E


j1 j4
j3j2
j , k

 , (15)
where the expression in curly braces is the q-deformed Racah symbol, which is defined as,
{
j2 j1 j
j4 j3 l
}
q
=
E

 j
j1 j4
j2 j3
l , k


√
∆1∆2∆3∆4
. (16)
The above expressions completely characterize the invariant for any spin network. The explicit expression for the
value of the invariant in the last expression “the tetrahedron diagram” can be computed using the recoupling identity
(15) in conjunction with the definitions of the Delta and Theta diagrams (7,8) (see [17] for an explicit computation).
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This invariant is closely related to that of Kauffman and Lins [18], but has two main differences. The first one is the
choice in the definition of the “Wilson net” gauge invariant object. These objects are defined by joining holonomies
along the lines of the net at the vertices using group invariant tensors. There is an ambiguity in the definition, given
by which line ends up being contracted into which entry of the 3jm coefficients (closely related to the Clebsch-Gordan
coefficients) [21]. This ambiguity can be coded into an “orientation” of the lines entering the intersection, due to
the cyclic property of the coefficients. If one performs a diffeomorphism on a diagram, one in general can reverse
the orientation of an intersection. Witten and Martin [15,17] introduce an additional normalization factor in the
definition of the Wilson net in such a way as to make them invariant under changes of orientation at the vertices.
The coefficient is,
V± = exp
(
± ipi
2
[j1 + j2 + j3]
)
4
√
(2j1 + 1)(2j2 + 1)(2j3 + 1) (17)
where the ± refers to the two possible orientations of a trivalent vertex. Kauffman and Lins do not introduce this
normalization factor. The invariant they construct is therefore less naturally associated with an expectation value
of a Wilson net (their construction is entirely in terms of braid group techniques, and does not concern itself with
viewing the invariant as an expectation value of a Wilson net). From our point of view, since we are interested in
constructing states of quantum gravity using these invariants, it is therefore natural to choose the normalization of
Witten and Martin.
The second difference between the Witten–Martin and the Kauffman–Lins invariants is given by the definition of
the planar diagrams (7,8). This difference can be understood [15] in terms of the freedom that one has in choosing
the measure to define the path integral, and the two definitions can be viewed as a choice of measure. It is not clear
at the moment which is the “correct” measure for quantum gravity. Although there is progress in understanding
diffeomorphism invariant measures [22], these have proved ineffective at the time of performing integrals like the
expectation value of the Wilson net in a Chern–Simons theory. Variational techniques [23,16], which only involve
weak assumptions about the measure considered for evaluating the path integral, yield unique results for the identities
involving crossings and twists, but up to now they have failed to produce unique results for the recoupling identities
and the evaluation of the planar diagrams.
We now proceed to apply the technique of Alvarez and Labastida to the invariant we just introduced. The first
step is to understand the moves that are associated with diffeomorphisms, since one would expect the final object to
be invariant under diffeomorphisms. The moves in equations (9) and (10) are associated with diffeomorphisms. In
addition to these, one has to be concerned with twists at intersections, similar to those in equation (9) but involving
several strands, specifically,
E

 , k

 → E

 , k

 , (18)
E

 , k

 → E

 , k

 , (19)
and similarly for n insertions.
The first task consists in identifying the equivalent of v1 ≡ r11α11 in equation (4), which we can easily do by
considering the expansion of E(Γ, k) to first order in κ = 2pii
k
E(Γ, κ) = E(Γ, 0) + κE(Γ, 0)v1(Γ) + · · · (20)
If one now considers equation (10) and its expansion to first order, it is immediate to see that,
v1

 j

 = −j(j + 1) + v1

 j

 = j(j + 1) + v1

 j

 . (21)
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What we now see is that if one defines an invariant P as we introduced in equation (4), the skein relations we just
discussed for v1 compensate exactly the changes that the invariant E underwent under twists as in equation (10). It
is straightforward to see that this is also true for twists at the intersections as those shown in equation (9). The only
task left is to show that this is also true for twists with many insertions of lines, as those shown in (18,19) and their
generalization for n lines. The way to show that these twists can be “undone” via the application of the fundamental
Reidemeister moves and the invariance under the twist at a trivalent vertex we have just discussed. Specifically, let
us consider the following move,
E

 , k

→ E

 12 , k

 = E

 , k

 . (22)
What occurred here is that line number 1 was “slid” under the rest of the lines towards the bottom. This is a valid
Reidemeister move as long as the orientation of the trivalent intersection of the left is kept unchanged. Once the line
number 1 slides below the horizontal line, one is introducing a twist of the form (10). We have just shown that the
invariant does not change under such twists. From there on one keeps on performing a Reidemeister move. A similar
discussion applies to the line number 2. We end up with a diagram topologically equivalent to the untwisted one.
This discussion can be easily generalized to the case of twists involving n inserted lines.
We have therefore constructed an invariant polynomial which admits an expansion in terms of the analog for
spin-networks of Vassiliev invariants. Functions of these invariants are natural candidates for states of the quantum
gravitational field in the loop representation of quantum gravity. In particular, they are diffeomorphism invariant,
compatible with the Mandelstam identities of SU(2) and particularize for the case of single loops to invariants that
in some particular cases have been found to be annihilated by the Hamiltonian constraint of quantum gravity.
It has been conjectured [5] that Vassiliev invariants could be able to separate all knots. The basis of this conjecture
is that it is true for braids. This suggests that any knot invariant could be expanded in terms of these invariants. If
one believes this conjecture, one should conclude that these invariants would constitute an ideal setting for discussing
quantum gravity in the loop representation. An important issue to be addressed, as pointed out by Kauffman [24] is
if all Vassiliev invariants arise from Chern–Simons theory. If this were the case, then the actual setting for quantum
gravity could be given completely by the invariants we have been discussing. It is now known that all Vassiliev
invariants can be obtained from Chern–Simons theory [25]. In order to discuss the invariants of interest in quantum
gravity one has to specify a given gauge group, SU(2). It is still questionably if the invariants that are obtained
from a single gauge group are “general enough” to span the whole space of states of quantum gravity. This issue is
currently under consideration.
Summarizing, we have constructed a family of ambient isotopic knot invariants that are candidates for quantum
states of the gravitational field in the spin network representation. It is yet to be established if this family is a complete
enough “arena” for the quantization of general relativity.
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